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Abstract. The standard numerical tools for studying non-linear collapse of matter are
Newtonian N -body simulations. Previous work has shown that these simulations are in
accordance with General Relativity (GR) up to first order in perturbation theory, provided
that the effects from radiation can be neglected. In this paper we show that the present day
matter density receives more than 1% corrections from radiation on large scales if Newtonian
simulations are initialised before z = 50. We provide a relativistic framework in which
unmodified Newtonian simulations are compatible with linear GR even in the presence of
radiation. Our idea is to use GR perturbation theory to keep track of the evolution of
relativistic species and the relativistic space-time consistent with the Newtonian trajectories
computed in N -body simulations. If metric potentials are sufficiently small, they can be
computed using a first-order Einstein–Boltzmann code such as class. We make this idea
rigorous by defining a class of GR gauges, the Newtonian motion gauges, which are defined
such that matter particles follow Newtonian trajectories. We construct a simple example of
a relativistic space-time within which unmodified Newtonian simulations can be interpreted.
ar
X
iv
:1
60
6.
05
58
8v
2 
 [a
str
o-
ph
.C
O]
  6
 O
ct 
20
16
Contents
1 Introduction 1
2 Notation and conventions 3
3 Relativistic interpretation of Newtonian simulations 4
3.1 Einstein and fluid equations in a general gauge 5
3.2 The N -body gauge 5
3.3 Newtonian motion gauges 7
4 Choosing a Newtonian-motion gauge 8
4.1 A simple Newtonian motion gauge 9
5 Application of the Newtonian motion gauge to Newtonian simulations 10
5.1 Setting the initial conditions 10
5.2 Post-processing of simulations using the Newtonian motion space-time 11
5.3 Post-processing by gauge transformation to N -body gauge 13
6 Conclusions 16
A The spatial gauge condition 18
B The temporal gauge condition 19
C Total matter gauge and N-body gauge in the limit of vanishing radiation 21
1 Introduction
In recent years, the ΛCDM cosmological model has emerged as a successful framework that
can reproduce a wide range of cosmological observations (e.g., [1–3]). According to this model,
we live in a Universe with an energy density that is currently dominated by a cosmological
constant (Λ) and a cold dark matter (CDM) component. Today, baryons and radiation
provide relatively small contributions to the overall energy budget, yet these components
played a major role in the early dynamical evolution of our Universe.
Across a wide range of scales, cosmological structure formation is principally the result
of gravitational instability from primordial seed perturbations. The evolution of the Universe
is thus governed by a coupled set of Einstein–Boltzmann equations. Gravitational collapse is
highly non-linear, and investigating the full Einstein–Boltzmann system in full non-linearity
remains an open problem. Instead, most simulations are based on the simpler Newtonian
equations of motion, which assumes that Newtonian dynamics is the correct small scale limit
of General Relativity (GR), but important relativistic corrections to Newtonian results are
expected on large scales [4–9].
The standard numerical tools for studying non-linear collapse are Newtonian N -body
simulations (see, e.g., [10–12]). In a previous paper [13] we have shown that a consistent
relativistic interpretation of these simulations, up to first order in perturbation theory, can
be constructed when the impact of radiation can be safely neglected. We performed a fully
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relativistic analysis of the multi-component system in the N -body gauge, and obtained the
following relativistic fluid equations for the CDM component valid to first order
∇2Φ = −4piGa2
∑
α
ρ¯αδ
Nb
α , (1.1a)
∂τδ
Nb
cdm +∇·vNbcdm = 0 , (N -body gauge) (1.1b)
[∂τ +H]vNbcdm = ∇Φ +∇γNb , (1.1c)
where the superscript Nb refer to N -body gauge quantities. These equations are the rela-
tivistic versions of the Poisson, continuity and Euler equation respectively. They are formally
identical to the linearised Newtonian fluid equations for CDM, apart from a relativistic cor-
rection term, ∇γNb in the Euler eq. (1.1a) (defined below in eq. (3.3)), and the fact that in
the multi-fluid case the Poisson equation (1.1a) is sourced by all the fluid species (labelled by
the index α), not just CDM. As shown in ref. [13] the relativistic correction, ∇γNb, becomes
negligible at late times in ΛCDM and so does the impact of the relativistic components in
the Poisson equation.
The above analysis implies that Newtonian simulations are in one-to-one correspondence
with GR at first order, provided that one uses initial conditions given in the N -body gauge
and initialises the Newtonian simulation when the effect of radiation is negligible, i.e., at
sufficiently late times. However, one would also like to begin the Newtonian simulation in
a regime where linear perturbation theory is still valid on all scales of interest, i.e., at early
times.
One possible solution is to modify Newtonian codes to include the effect of GR and
radiation [14–16]. However a great deal of time and effort has gone into optimising codes for
the Newtonian system and they are not easily adapted to include relativistic components.
Instead we propose a different strategy that does not involve any modifications of existing
Newtonian simulations and identify a tailor-made gauge (more precisely, a class of gauges)
in GR that by definition absorbs the relativistic corrections in equation (1.1) within the
coordinates of that gauge. We call this a Newtonian motion gauge. Specifically, the first-
order CDM fluid equations in such a Newtonian motion (superscript Nm) gauge can be
expressed as
∇2ΦN = −4piGa2ρ¯cdmδNcdm , (1.2a)
∂τδ
N
cdm +∇·vNmcdm = 0 , (Newtonian motion gauge) (1.2b)
[∂τ +H]vNmcdm = ∇ΦN , (1.2c)
where the superscript N refers to quantities which are solved for in a Newtonian simulation.
This set of equations is thus identical (up to first order) to the set of equations that New-
tonian simulations solve. However, there is a crucial yet hidden difference between the GR
equations (1.2) and the ones solved in Newtonian simulations: the space-time in the Newto-
nian motion gauge is dynamically evolving precisely to accommodate the use of Newtonian
equations of motion.
The dynamical change in the GR space-time is reflected in the full Newtonian motion
gauge metric potentials. We are then able to add GR corrections on top of the unmodified
Newtonian simulations as a kind of post-processing. In this paper we explicitly discuss how
Newtonian simulations could be used in combination with a Newtonian motion gauge to give
a relativistic interpretation.
This paper is organised as follows. In section 2 we introduce the notation used for
matter and metric perturbations. We introduce the relativistic equations in a general gauge
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in section 3, review the N -body gauge and present the class of Newtonian motion gauges.
In section 4 we discuss the residual gauge freedom and define a specific Newtonian motion
gauge that can be viewed as an extension of the N -body gauge in the presence of radiation,
while we discuss other gauge choices in appendices A – C. In section 5 we explicitly show
how our method can be used in combination with a Newtonian simulation to derive the full
relativistic results in either the Newtonian motion or the N -body gauge. We conclude in
section 6.
2 Notation and conventions
Here we briefly review the notation and conventions we adopt. Those familiar with the
general framework of cosmological perturbation theory [17–20] may wish to skip directly to
the next section.
We define metric perturbations on a homogeneous, isotropic and flat background space,
with the cosmic scale factor a, in an arbitrary gauge:
g00 = −a2(1 + 2A) ,
g0i = −a2Bi ,
gij = a
2 [δij (1 + 2HL)− 2HT ij ] ,
(2.1)
with the time perturbation A, the shift Bi, and the trace and trace-free scalar perturbations
of the spatial metric which are denoted by HL and HT ij respectively. We use the conformal
time τ defined by adτ ≡ dt where t is the proper time in the unperturbed background.
Partial derivatives with respect to conformal time are denoted with ∂τ or an overdot.
The background expansion is governed by the usual Friedmann equations. The matter
and radiation content is characterised by the stress-energy tensor
T 00 = −
∑
α
ρ¯α (1 + δα) ≡ −ρ¯ (1 + δ) ,
T i0 = −
∑
α
(ρ¯α + p¯α)v
i
α ≡ −(ρ¯+ p¯)vi ,
T ij =
∑
α
(p¯α + δpα)δ
i
j + p¯αΠ
i
jα ≡ (p¯+ δp)δij + p¯Πij ,
(2.2)
where the summation
∑
α runs over all species present in the Universe, i.e., CDM, baryons,
photons and neutrinos. Quantities without subscript will refer to totals as defined above.
Furthermore, ρ¯ denotes the homogenous background density, δ = (ρ − ρ¯)/ρ¯ the density
contrast, p the background pressure and its perturbation δp, and Πij is the anisotropic stress
of radiation.
We will often work in Fourier space, using an eigenmode expansion of the Laplacian
operator
∇2S = −k2S . (2.3)
For a spatially flat background Universe (as employed in the present paper), one choice of
eigenmodes are the plane waves S = exp(ik · x). Considering only scalar perturbations, any
vector Vi (e.g., the velocity) and any trace-free tensor Tij (e.g., the perturbation HT ij) may
be expanded using
Vi ≡ −ikˆiV , Tij ≡
(
δij/3− kˆikˆj
)
T , (2.4)
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where kˆi ≡ ki/k, with k ≡ |k|.
From the general metric (2.1), we can define a specific gauge by choosing spatial and
temporal coordinate transformations
x = x˜+L , τ = τ˜ + T . (2.5)
where for a scalar spatial coordinate transformation L = −k−1∇L. Under this transforma-
tion, the metric potentials change at first order as:
A = A˜− T˙ −HT , (2.6a)
B = B˜ + L˙+ kT , (2.6b)
HL = H˜L − k
3
L−HT , (2.6c)
HT = H˜T + kL , (2.6d)
while the matter fields change to:
ρ¯δ = ρ¯δ˜ − ˙¯ρT , (2.7a)
δp = δ˜p− ˙¯pT , (2.7b)
v = v˜ + L˙ , (2.7c)
Π = Π˜ . (2.7d)
It is useful in the Einstein equations to work with the gauge-invariant metric potentials
(corresponding to the scalar metric potentials in the Poisson gauge) [17, 19]
Ψ ≡ A+Hk−1
(
B − k−1H˙T
)
+ k−1
(
B˙ − k−1H¨T
)
, (2.8a)
Φ ≡ HL + 1
3
HT +Hk−1
(
B − k−1H˙T
)
. (2.8b)
We will also frequently make use of the gauge-invariant comoving curvature perturbation,
defined as [19]
ζ ≡ HL + 1
3
HT +Hk−1(B − v) . (2.9)
3 Relativistic interpretation of Newtonian simulations
In this section we first review the linearised Einstein–Boltzmann equations governing the
evolution of our multi-component Universe. We then briefly review the N -body gauge [13] to
quantify the impact of radiation on the matter evolution in this gauge. Finally we propose
a novel gauge choice, that makes it possible to give a consistent relativistic interpretation of
Newtonian dark matter trajectories calculated in Newtonian simulations even in the presence
of radiation.
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3.1 Einstein and fluid equations in a general gauge
The Einstein equations at first perturbative order in an arbitrary gauge are [19]
4piGa2
[
ρ¯δ + 3H (ρ¯+ p¯) k−1 (v −B)] = k2Φ , (3.1a)
k2
(
A+HL +
1
3
HT
)
− [∂τ + 2H]
(
H˙T − kB
)
= −8piGa2p¯Π , (3.1b)
4piGa2 (ρ¯+ p¯) k−1 (v −B) = HA− H˙L − 1
3
H˙T , (3.1c)
(∂τ + 4H) (ρ¯+ p¯) k−1 (v −B) = δp− 2
3
p¯Π + (ρ¯+ p¯)A , (3.1d)
where the gauge-invariant Bardeen potential is defined in eq. (2.8b). These equations together
with the Boltzmann equations for the various species in a general gauge form a closed set
of equations. The CDM component (pcdm ≡ 0 and Πcdm ≡ 0) is completely described by
its density and velocity, so the Boltzmann equation reduces to the relativistic continuity and
Euler equations, which are respectively
δ˙cdm + kvcdm = −3H˙L , (3.1e)
[∂τ +H] (vcdm −B) = kA . (3.1f)
Using the Einstein equation (3.1b) we can simplify the dark matter Euler equation
[∂τ +H] vcdm = −k(Φ + γ) , (3.2)
with the Bardeen potential Φ and a relativistic correction γ describing the forces acting on
the dark matter particles, given by
− k2γ ≡ (∂τ +H) H˙T − 8piGa2p¯Π . (3.3)
These equations of motion for the CDM component are coupled to the other fluid components
(baryons, photons and neutrinos) gravitationally via the metric perturbations.
By contrast, if we linearise the equations solved by Newtonian simulations we obtain
k2ΦN = 4piGa2ρ¯Ncdmδ
N
cdm , (3.4a)
δ˙Ncdm + kv
N
cdm = 0 , (3.4b)
[∂τ +H] vNcdm = −kΦN , (3.4c)
where the superscript N denotes the perturbations of a Newtonian fluid in (unperturbed) flat
space.
If we can find a gauge in which the linearised relativistic equations (3.1)–(3.2) reproduce
the linearised Newtonian fluid equations (3.4), then we can use Newtonian simulations to
solve for the fully relativistic evolution up to first order. We will now show that the N -body
gauge [13] has this property provided that radiation can be neglected.
3.2 The N-body gauge
The N -body gauge is defined by: (i) the temporal gauge fixing BNb = vNb, such that the
constant-time hypersurfaces are orthogonal to the total matter and radiation 4-velocity, and
(ii) the spatial gauge condition HNbL = 0, such that the physical volume of a three-dimensional
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volume element, d3x, is unperturbed. From equation (2.9) we see that the spatial gauge
condition is equivalent to relating the remaining spatial metric potential to the comoving
curvature perturbation, HT = 3ζ, which uniquely specifies the spatial gauge independent of
the temporal gauge condition.
This spatial gauge condition is crucial, as it implies that the density which a Newtonian
simulation computes by a na¨ıve counting of particles in a given coordinate volume coincides
with the relativistic density, since the physical volume is not perturbed by the relativistic
volume deformation, HL.
1
Applying the gauge conditions to the Einstein equations (3.1a)–(3.1d), we have
k2Φ = 4piGa2ρ¯δNb , (3.5a)
k2
(
ANb +
1
3
HNbT
)
− [∂τ + 2H]
(
H˙NbT − kBNb
)
= −8piGa2p¯Π , (3.5b)
HANb − 1
3
H˙NbT = 0 , (3.5c)
(ρ¯+ p¯)ANb = −δpNb + 2
3
p¯Π . (3.5d)
Equation (3.5a) takes the form of the Newtonian Poisson equation, while eq. (3.5d) relates
the time perturbation ANb (≡ the lapse) to the anisotropic stress and pressure perturbations.
The fluid equations for the CDM component (3.1e)–(3.2) in the N -body gauge are [13]
δ˙Nbcdm + kv
Nb
cdm = 0 , (3.6a)
[∂τ +H] vNbcdm = −k
(
Φ + γNb
)
. (3.6b)
The continuity equation (3.6a) is identical to the Newtonian continuity equation (3.1e), since
the trace of the spatial metric perturbation (i.e., the volume deformation) is zero in the N -
body gauge (HL = 0). Equation (3.6b) is the relativistic Euler equation in the N -body gauge;
it relates the acceleration of the CDM particles to the gradient of the combined potential
Φ + γNb, where the Bardeen potential, Φ, obeys the relativistic Poisson equation (3.5a) and
γNb is the additional relativistic correction (3.3) in the N -body gauge.
When the energy density of radiation is negligible, the Newtonian potential ΦN, based
only on the cold matter, agrees with the Bardeen potential Φ. In this limit, the total pressure
and anisotropic stress are small as well, and from eq. (3.5d) we see directly that the time
perturbation A vanishes. Equation (3.5c) then implies that we also have H˙NbT = 0. Therefore
γNb vanishes since it is a linear combination (3.3) of the anisotropic stress Π and H˙NbT . The
relativistic fluid equations (3.5a)–(3.6b) thus coincide with the Newtonian ones (3.4), where
the N -body gauge density δNbcdm, velocity v
Nb
cdm and the potential Φ are all identical to their
Newtonian counterparts.
The above analysis shows that the relativistic CDM evolution is correctly described to
linear order in the Newtonian simulation if we begin the simulation at a sufficiently late times
such that radiation density and pressure are negligible. The particle positions computed in
the Newtonian simulation are at the correct relativistic coordinates; however the underlying
space-time is not Newtonian flat space, but instead it is a non-trivial, dynamical space-time
1Other gauges with Newtonian equations of motion at linear order in matter domination exist [21, 22],
for example the total matter gauge (see appendix C). However, in the presence of a non-vanishing volume
deformation (HL 6= 0), it is not possible to set consistent initial conditions for the simulation, reproducing
both the relativistic density and the relativistic positions.
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described by the N -body gauge metric potentials. As a consequence one should compute
observables, such as lensing, in the relativistic space-time using quantities defined in the
N -body gauge.
3.3 Newtonian motion gauges
In the case of non-vanishing radiation, relativistic trajectories in the N -body gauge no longer
correspond to the Newtonian trajectories. To address this, we can instead use the spatial
gauge freedom to simply define a new relativistic gauge where the particle trajectories χq
(dχq/dτ ≡ vcdm) do match the Newtonian motion:
χNmq (τ) = χ
N
q (τ) . (3.7)
We call this a Newtonian motion gauge (denoted by Nm). The spatial coordinates used in
the Newtonian simulation can then be identified with the coordinates in this gauge even in
the presence of radiation:
xNm = xN . (3.8)
The relativistic particle positions are understood to be not on a flat Newtonian space, but
on the non-trivial space-time of the Newtonian motion gauge. We will now show how the
spatial gauge condition (cf. eq. (3.7)), matching the relativistic trajectories to the Newtonian
ones, can be realised explicitly.
For the relativistic Euler equation (3.2) to reproduce the Newtonian trajectories we
must identify the combined relativistic potential Φ + γ with the Newtonian potential, ΦN.
We thus realise the Newtonian motion gauge by requiring that
γNm = ΦN − Φ , (3.9)
where the Newtonian simulations compute ΦN using the Newtonian Poisson equation,
k2ΦN = 4piGa2ρ¯cdmδ
N
cdm . (3.10)
Note that the Newtonian CDM density, δNcdm, is the coordinate CDM density, i.e., the physical
density plus the GR volume deformation in the Newtonian motion gauge:
δNcdm ≡ δNmcdm + 3HNmL . (3.11)
In this combination, the temporal gauge dependence cancels (see eqs. (2.6c) and (2.7a)),
leaving the Newtonian density dependent only on the spatial gauge transformation,
δNcdm = δ˜
N
cdm − kL . (3.12)
It obeys the continuity equation,
δ˙Ncdm + kv
Nm
cdm = 0, (3.13)
while the relativistic Euler equation in the Newtonian motion gauge reads,
[∂τ +H] vNmcdm = −kΦN . (3.14)
The set of equations (3.10), (3.13) and (3.14) coincide with the linearised Newtonian equations
(3.4). As a consequence, Newtonian simulations can be used to compute the relativistic
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velocities in the Newtonian motion gauge and thus update the CDM positions consistent
with GR up to first order.
While the velocities (and positions) in the Newtonian simulation directly match the
relativistic velocities (and coordinates), the density and potential in the Newtonian simulation
do not correspond to their relativistic counterparts. From the Newtonian motion gauge
viewpoint, the Newtonian density (3.11) and potential (3.10) are only auxiliary quantities
that are used in the simulation to move the particles according to GR. However, these
Newtonian quantities can be related to the relativistic density and potential at any time
through equations (3.11) and (3.9).
4 Choosing a Newtonian-motion gauge
The Newtonian motion definition (3.7) does not uniquely specify the gauge, and so there are
many possible Newtonian-motion gauge choices. In this section we will discuss the residual
freedom in the specification of the Newtonian-motion gauges, and present one useful example
of a Newtonian-motion gauge choice that is closely related to the N -body gauge.
Matching the Newtonian trajectories requires only satisfying the condition (3.9), where
the Bardeen potential is gauge invariant and ΦN depends only on the spatial gauge. Similarly,
γNm is only sensitive to the spatial gauge choice, L in (2.5), since it is computed from the
metric potential HT and the anisotropic stress Π (see eqs. (2.6d), (2.7d)). As a consequence,
we have complete freedom to choose any temporal gauge while still satisfying this Newtonian
motion condition.
Furthermore, the condition (3.9) is equivalent to a second-order differential equation for
L, and two additional boundary conditions are required to specify a unique spatial gauge.
The Newtonian motion gauges thus have a residual spatial gauge freedom that can be used
to specify any desired initial Newtonian density, by choosing an appropriate initial value of
L [see equation (3.12)], and any desired initial velocity, by choosing the initial value for L˙
[see equation (2.7c)].
We can construct a Newtonian motion gauge for any possible choice of initial conditions
used in the simulation. This is not surprising, as the condition (3.9) forces particles to follow
Newtonian trajectories, but it does not assume anything about their initial positions and
velocities.
We should use this freedom to ensure that the small-scale evolution in the given Newto-
nian motion gauge remains as close as possible to the N -body gauge, which we have argued
provides a good description of the matter evolution in the absence of radiation (see also
appendix A). Thus, we assume the relativistic corrections only affect the linear evolution,
i.e., above the non-linear scale, and hence can be described by the linear Einstein–Boltzmann
code. In section 4.1 we will provide a choice of gauge with this property.
In summary there exists a broad class of Newtonian motion gauges, specified by both the
temporal gauge condition and the choice of initial spatial gauge conditions. In appendix A, we
discuss how the choice of the initial conditions can help to ensure that the metric potentials
stay small. The temporal gauge is chosen for computational convenience, and below we make
a simple choice which reduces to the N -body gauge in the absence of radiation. However,
other choices are also possible, and in appendix B we explore an example that corresponds
to the temporal slicing used in the Poisson gauge.
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τini
τ1
τ2
τ3
N-body gauge
τini
τ1
τ2
τ3
Newtonian motion gauge
τini
τ1
τ2
τ3
N-body simulation
Figure 1. Sketch of a particle trajectory (black solid line) in three different coordinate sys-
tems/gauges. For illustration purposes, the impact of radiation is assumed here to be just a time-
independent rotation, and this is denoted with red arrows. In the N -body gauge particles move
according to their relativistic velocity (green arrow), which is given by a Newtonian component (blue
arrow) and a correction due to radiation (red arrow). In the Newtonian-motion (Nm) gauge, by
contrast, particles are at the same initial position as in the N -body gauge at τini, but then only move
according to the Newtonian velocity. Particles thus behave as they would travel on pure Newtonian
trajectories, whereas the impact of radiation is embedded in the Nm coordinates. Also note that
the particle position in the simulation matches the particle position in the Nm gauge at any time.
Combining the output of a Newtonian simulation with the relativistic space-time of the Newtonian
motion gauge results in a consistent relativistic solution including radiation.
4.1 A simple Newtonian motion gauge
First, we fix the temporal gauge by requiring that the constant time hypersurfaces are or-
thogonal to worldlines comoving with the total matter, i.e., vNm = BNm; we are thus defining
a comoving-orthogonal Newtonian motion gauge. This comoving-orthogonal temporal gauge
condition is shared by the N -body gauge, defined in section 3.2, as well as the total matter
gauge and (in the absence of radiation) the synchronous-comoving gauge [20].
Second, we fix the remaining spatial gauge freedom by identifying the spatial gauge at
the initial time with the N -body gauge; we require HL(τini) = 0 and H˙L(τini) = 0.
We have seen that in the absence of radiation the Newtonian simulation correctly re-
produces the relativistic solution to first order in the N -body gauge, i.e., in that limit the
N -body gauge is a Newtonian motion gauge with HL = 0 and HT = 3ζ = constant. More
generally, a Newtonian simulation using initial dark matter displacements and velocities
in the N -body gauge computes the dark matter positions in the Newtonian motion gauge
that initially coincides with the N -body gauge space-time, but in the presence of radiation
the Newtonian motion gauge departs from the N -body gauge (HL 6= 0, HT 6= 3ζ). Thus
the Newtonian motion gauge accommodates all relativistic corrections, including radiation,
through the time-dependence of the metric potentials up to first order, while Newtonian sim-
ulations solve for the gravitational collapse of matter on small-scales in the fully non-linear
but Newtonian theory.
This idea is sketched in figure 1. In the N -body gauge, the presence of radiation causes
the CDM particles to depart from the Newtonian trajectory, while in the Newtonian motion
gauge the CDM particles follow the Newtonian trajectories by construction. In the Newtonian
motion gauge, the impact of radiation is incorporated in the evolution of the space-time, with
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the metric being deformed by the presence of radiation compared with the N -body gauge
metric.
5 Application of the Newtonian motion gauge to Newtonian simulations
In this section we explicitly provide the steps needed to incorporate radiation and GR to linear
order in a Newtonian simulation. After discussing the initial conditions for the simulations,
we describe two methods of incorporating the relativistic corrections after the simulations
have been run.
5.1 Setting the initial conditions
By using our simple Newtonian motion gauge, described in section 4.1, the initial density,
displacement and velocity fields can be specified in the N -body gauge, where the relativistic
and Newtonian matter densities coincide. The matter power spectra in the N -body gauge
can be computed at first order using Einstein–Boltzmann codes (such as class [23]). In a
given simulation one must then select random amplitudes and phases for each Fourier mode.
The initial displacement field for CDM and baryons can be obtained from the N -body
gauge density field using the Zel’dovich approximation for each species, ∇ ·Ψα = −δα. The
appropriate fraction of the simulation particles should be displaced according to the CDM
density field calculated by Einstein–Boltzmann codes, while the rest are displaced according
to the baryon density. Similarly the initial velocity fields for CDM and baryons should be
computed separately using the output from first-order Einstein–Boltzmann codes.
Note that the synchronous-comoving gauge density, often used to generate initial con-
ditions, is almost identical to the N -body gauge density, except that the N -body gauge is
comoving-orthogonal with respect to the total matter and radiation while the standard syn-
chronous gauge is comoving with respect to the CDM. Thus there will be small differences in
the temporal gauge, and hence the density fields, due to the finite velocities of baryons and
radiation with respect to the CDM, especially for simulations starting at high redshift.
In conventional Newtonian simulations, the matter power spectrum is often evaluated
at the present time, using first-order Einstein–Boltzmann codes that include the effect of
radiation, and then rescaled back to the initial time using the linear Newtonian equations in
the absence of radiation. This back-scaling is done in order to ensure that the Newtonian
simulations, which do not include radiation, can reproduce the correct linear matter power
spectrum at present at the expense of starting from a fictitious initial density field.2
Using the Newtonian-motion gauge, the back-scaling is no longer needed. All physics
(at linear order), including the effect of radiation, is included in the Newtonian-motion gauge
space-time. As a consequence the actual density and velocity fields calculated by Einstein–
Boltzmann codes at the initial time should be used without back-scaling.
After setting up these initial conditions, the Newtonian simulation can be used, without
any modification, to compute the particle trajectories in the Newtonian motion gauge. A
simulation initialised following this recipe computes the correct relativistic position of the
particles, which then need to be interpreted as trajectories in the Newtonian motion space-
time in order to obtain a consistent relativistic result. In the following we present two
alternative methods for providing such an interpretation.
2Note that in this approach the CDM and baryons have very similar displacements at the present time
and thus are usually treated identically in Newtonian simulations, while in reality they have different initial
displacements and velocities.
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5.2 Post-processing of simulations using the Newtonian motion space-time
Once the Newtonian simulation has been run, relativistic observables can be computed from
the Newtonian results where the resulting displacements are embedded in the Newtonian-
motion space-time. This curved space-time can then be used to obtain a fully relativistic
interpretation of the Newtonian simulation results.
While the Newtonian motion of CDM particles is accurately computed by Newtonian
simulations in full non-linearity, we are left with the task to solve the underlying relativistic
space-time characterised by the metric potentials in the Newtonian motion gauge up to first
order. A real-space version of the metric perturbations is generated from the first order
results of an Einstein–Boltzmann code such as class, using the same realisation (amplitudes
and phases of each Fourier mode) used in the Newtonian simulation when generating the
initial conditions. Any desired observable can then be constructed from the output of the
simulation and from the metric potentials of the Newtonian motion gauge.
The evolution of the relativistic space-time in the presence of radiation is given by the
evolution of the metric potentials, which we compute within the Newtonian motion gauge
using a modified version of the Einstein–Boltzmann code class. The perturbed metric (2.1)
in Newtonian motion gauge is written as
g00 = −a2
(
1 + 2ANm
)
, (5.1a)
g0i = a
2 ikˆiB
Nm , (5.1b)
gij = a
2
[
δij
(
1 + 2HNmL
)
+ 2
(
δij/3− kˆikˆj
)
HNmT
]
. (5.1c)
Let us discuss the perturbations within the Einstein equations for each of the components in
the Newtonian motion gauge metric defined in section 4.1:
• The lapse function perturbation ANm is determined by the relativistic stress according
to the Einstein equation (3.1d) in a comoving-orthogonal gauge
(ρ¯+ p¯)ANm =
2
3
p¯Π− δpNm . (5.2)
The lapse perturbation is directly related to the anisotropic stress and grows during
radiation domination, whereas it decays in the matter- and Λ-dominated eras. Note
that ANm only depends on the temporal gauge and is thus identical to the N -body
gauge lapse function, ANm = ANb (cf. eq. (3.5d)).
• The shift perturbation is given by the total velocity via the comoving-orthogonal tem-
poral gauge condition
BNm = vNm . (5.3)
• The spatial gauge condition of the Newtonian motion gauge, eq. (3.9), together with
the Einstein equation (3.1b), specifies HL,
− 4piGa2ρ¯cdm(3HNmL + δNmcdm) = k2ANm + (∂τ +H) kBNm . (5.4)
The volume deformation, HNmL , is initially vanishing and then grows due to the presence
of radiation. In addition once the volume deformation is non-zero, it starts to evolve
as the Universe expands, keeping track of the gravitational growth of the perturbations
induced from the early radiation perturbations.
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Figure 2. Time evolution of the metric potentials for the wavemode k = 10−3Mpc−1 in the N -body
gauge and two Newtonian motion gauges. Here we use the superscripts Nm100 and Nm500 to denote
the Newtonian motion gauge initialised at z = 100 and z = 500 respectively. The lapse perturbation
A is identical in all three gauges and decays in matter domination. The N -body gauge shift vector
BNb is not identical to BNm100 and BNm500 due to the effect of radiation on the velocities, but the
discrepancy is small especially for BNm100. In all three gauges B grows slowly with the dark matter
velocity. The volume deformation HL vanishes in the N -body gauge while it grows in the Newtonian
motion gauges. In the same way, the spatial potential HT in the Newtonian motion gauge departs
from the N -body gauge value of 3ζ. Perturbations are normalised relative to ζ = −1 on super-horizon
scales which is the default setting in class.
• The time derivative of the spatial potentialHT is provided by the Einstein equation (3.1c)
in a comoving-orthogonal gauge
1
3
H˙NmT = HANm − H˙NmL . (5.5)
The resulting metric potentials are shown in figure 2 for the wavemode k = 0.001 Mpc−1.
Solid lines describe the metric potentials in the N -body gauge described in section 3.2, while
dashed (dotted) lines are results for the Newtonian motion gauge which coincides with the
N -body gauge when initialised at z = 100 (z = 500).
As expected, the lapse perturbation A (upper left panel) grows and then decays, while
the shift B (upper right panel) grows with the dark matter velocities. As evident from
the figure, the shift B in the N -body and Newtonian motion gauge differs, while the time
perturbation A is identical in both gauges.
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Figure 3. The relative percentage difference at redshift z = 0 between the relativistic density
δNm = δNb and the Newtonian density δN for a simulation initialised at various redshifts due to the
presence of radiation. The difference at large scales is up to 1% [4 %] for typical initial redshifts of
z = 50 [z = 200].
In the N -body gauge the volume deformation HL vanishes by definition. As long as
the volume deformation is small, the Newtonian motion gauge remains close to the N -body
gauge. This can be seen in the lower left panel of figure 2 for the Newtonian motion gauge
initialised at z = 100. As long as HL is small, the other metric potentials must agree with
the N -body gauge potentials, and indeed the spatial potential HT (lower right panel) is
almost identical in both gauges. By contrast, the Newtonian motion gauge initialised at
z = 500 deviates significantly from the N -body gauge; HL grows quickly due to the presence
of radiation initially. In the matter dominated era, the volume deformation then continues to
grow with the dark matter growth function (as we shall show in section 5.3). As HL grows,
the metric potential HT also deviates significantly from the N -body gauge value of 3ζ.
In figure 3 we show the impact of the volume deformation on the linear density field,
given by eq. (3.11). We compute the linear relativistic matter fluctuation and compare it to
the contribution induced from the volume deformation when the Newtonian motion gauge is
initialised at various redshifts. The volume deformation due to the presence of radiation is
most important on the largest scales, and for an initial time of z = 50 [z = 200] it induces
1% [4%] corrections to the matter density, with earlier initial times resulting in much bigger
corrections.
5.3 Post-processing by gauge transformation to N-body gauge
Instead of performing the analysis of the simulation results directly in the Newtonian motion
gauge, it is possible to use a gauge transformation from the Newtonian motion gauge to obtain
relativistic results in any other well-defined gauge. As an example we will compute the gauge
transformation connecting the Newtonian motion gauge quantities with the N -body gauge
defined in section 3.2.
As the temporal gauge condition in the Newtonian motion and N -body gauge are iden-
tical (τNb = τNm), the gauge transformation is purely spatial. We define
xNb = xNm +LNm→Nb , LNm→Nb = −k−1∇LNm→Nb , (5.6)
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Figure 4. Sketch of the procedure described in section 5.3 of post processing by gauge transforma-
tion. The N -body gauge and the Nm gauge coincides when initial conditions are imposed. After some
Newtonian evolution this is no longer the case however, but we can use the spatial gauge transforma-
tion L to go back to N -body gauge. In practice this would be achieved by displacing all particles by
L in each snapshot.
where
L˙Nm→Nb = vNbcdm − vNmcdm . (5.7)
In particular the coordinate transformation (5.6) can be applied directly to the particle
displacements from a Newtonian simulation (since these coincide with the relativistic dis-
placements in the Newtonian-motion gauge) in order to obtain the relativistic particle dis-
placements in the N -body gauge.
An outline of this procedure is shown in figure 4. We obtain a real-space version of the
gauge transformation LNm→Nb(x) using the particular realisation (amplitudes and phases
of each Fourier mode) employed to generate the particular initial conditions used in the
Newtonian simulation.
Both LNm→Nb and its time derivative vanish initially since our simple Newtonian-motion
gauge coincides with the N -body gauge at the initial time by construction. The second
derivative of the gauge transformation is given by comparing equations (3.6b) and (3.14)
which give the difference of the forces acting on the dark matter in the two gauges:
L¨Nm→Nb +HL˙Nm→Nb = −k
(
Φ− ΦN + γNb
)
, (5.8)
where γNb is the N -body gauge relativistic correction given in equation (3.3). The Bardeen
potential, Φ, is sourced by the density of all species, while the Newtonian potential, ΦN,
only includes the non-relativistic matter densities as they appear in the simulation. From
equations (3.5a) and (3.10) we have
k2
(
Φ− ΦN) = 4piGa2 (ρ¯δNb − ρ¯cdmδN) . (5.9)
For convenience we split ρ¯δNb = ρ¯cdmδ
Nb
cdm + ρ¯otherδ
Nb
other, with δ
Nb
other including the rel-
ativistic species not present in a Newtonian simulation. The difference between the dark
matter density in the N -body gauge and the Newtonian simulation is given by the volume
deformation in the Newtonian motion gauge
δNbcdm − δN = δNbcdm − δNmcdm − 3HNmL = −3HNmL . (5.10)
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We employ the gauge transformation of the volume deformation (2.6c) and since HNbL is
vanishing we find:
kLNm→Nb = 3HNmL . (5.11)
This relation directly specifies the gauge transformation, given that we know the Newto-
nian motion gauge volume deformation. However, here we intend to compute the gauge
transformation using only perturbations in the N -body gauge, suitable for a numerical im-
plementation in a Boltzmann code running in the N -body gauge. We insert the relation into
eq. (5.10) and find:
δNbcdm − δN = −kLNm→Nb . (5.12)
This relation simply states that, since there is no volume deformation in the N -body gauge,
the relativistic matter density in the N -body gauge is obtained by displacing the particles
with respect to the Newtonian simulation according to LNm→Nb, see figure 4. In this way,
the N -body gauge displacements track the relativistic effects of radiation which are absent
in the Newtonian simulation.
Finally, substituting equations (5.9) and (5.12) into the equation for the gauge trans-
formation (5.8) we obtain
L¨Nm→Nb +HL˙Nm→Nb − 4piGa2ρ¯cdmLNm→Nb = −kγNb − 4piGa2k−1ρ¯otherδNbother . (5.13)
The first source term γNb is the relativistic force acting on the dark matter particles in
the N -body gauge and the second source term ∼ δNbother is due to the presence of the other
relativistic species, absent in Newtonian simulations, contributing to the full gravitational
potential. Both cause CDM trajectories in the N -body gauge to deviate from the Newtonian
motion.
The homogenous solution of (5.13) is the linear dark matter growth function. Once a
particle in the N -body gauge is displaced from the Newtonian position, this corresponds to
a difference in the density perturbation and hence the trajectories in the simulation and the
N -body gauge will further deviate as this density perturbation grows, even after the radiation
becomes negligible.
We compute the gauge generator L in Fourier space again using class.3 The time
evolution of the gauge transformation is explicitly shown in figure 5, presenting both LNm→Nb
and LNm→Nb divided by the linear matter growth function. After z = 10 the latter curves
overlap showing that radiation source terms becomes negligible. Before z = 10 radiation
actively drives the gauge transformation and causes the coordinate systems of the N -body
gauge and the Newtonian motion gauge to deviate.
Figure 6 shows the gauge transformation induced from the relativistic force γ and the
impact of the radiation density on the Bardeen potential separately. The total gauge transfor-
mation at the linear order is the sum of both. We see that both contributions have a similar
scale dependence and comparable size. The term induced by γ is oscillatory, being related
to the anisotropic stress, while the sources related to the radiation density are significantly
smoother.
3The modified version of class which solves LNm→Nb and the N -body gauge metric potentials is available
upon request: thomas.tram@port.ac.uk.
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Figure 5. The top row shows the gauge transformation LNm→Nb defined in equation (5.6) (in Fourier
space) connecting the Newtonian motion gauge to the N -body gauge as a function of k for two initial
redshifts zini = 100 and zini = 500. L
Nm→Nb grows partly due to radiation sources and partly due
to density growth as explained in the text. In the bottom row we have shown LˆNm→Nb which is just
LNm→Nb normalised by the linear dark matter growth function. This isolates the effect of the source
term, and we can see that it vanishes at the late times as expected. See the caption of figure 2 for
the normalisation of perturbations.
6 Conclusions
General relativistic effects in structure formation have to be taken into account for the next
generation of large-scale structure surveys such as the SKA4 and the EUCLID mission.5
Instead of modifying existing Newtonian simulations, we provide the relativistic solution
by computing the space-time on which these simulations should be interpreted. We have
defined a class of gauges, called Newtonian motion gauges, that by construction keep the
matter trajectories in Newtonian simulations unchanged.
To maintain Newtonian-like trajectories within a general relativistic multi-fluid Uni-
verse, we impose a specific spatial gauge condition, eq. (3.9), which all Newtonian motion
gauges must obey. This is a spatial gauge condition which ensures that the gravitational
acceleration of the CDM particles is sourced by a Newtonian-like Poisson equation, itself
solved by taking only the gravitational interaction of CDM into account. This, together
with the identification of a Newtonian density contrast (3.11), produces a closed sub-system
4www.skatelescope.org
5sci.esa.int/euclid
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Figure 6. The gauge transformation L at redshift z = 0 initialised at z = 50 (left panel) and
z = 100 (right panel). The gauge transformation is sourced by the relativistic force γ as well as
density contributions from relativistic species, δother. The contribution from δother (dashed lines) is
smooth and positive while the γ contribution (dotted lines) is oscillatory and mostly negative (i.e.,
anti-correlated with Φ(k)). See the caption of figure 2 for the normalisation of perturbations.
of Newtonian CDM fluid equations, whereas the evolution of the relativistic fluid species is
governed by the Einstein-Boltzmann equations on the relativistic space-time.
The Newtonian motion gauges introduce a convenient split between the computation of
the particle trajectories in the Newtonian theory and the evolution of the metric potentials
in the relativistic theory. The highly non-linear collapse of matter can be simulated in full
non-linearity in Newtonian simulations. For this task the existing and optimised Newto-
nian codes can be used without modifications. On the other hand, the underlying metric
is described by linear perturbation theory and can be obtained by modifying conventional
Einstein–Boltzmann codes. The Newtonian and relativistic problem is solved independently,
with the Newtonian-motion gauge providing the framework to combine the two when gen-
erating initial conditions and when interpreting the output (see section 5.1). Since a linear
Einstein–Boltzmann code requires only a fraction of the time needed for a typical Newtonian
simulation, the relativistic evolution can be computed at almost no extra cost. A modified
version of class which computes the evolution of the relativistic space-time is available upon
request.
We have shown that the present-day matter density calculated in Newtonian simulations
receives corrections of up to 1% [4%] on large scales in GR due to the effect of radiation
when initialised at redshifts of z = 50 [z = 200]. This is accounted for in conventional N -
body simulations by introducing a fictitious correction to the initial matter density at high
redshifts such that the present-day matter power spectrum reproduces the power spectrum
calculated by Einstein–Boltzmann codes. We show how the effect of radiation can instead
be consistently calculated in Newtonian simulations using the actual initial matter density
and velocity fields for CDM and baryons in GR.
Our GR results still only hold to first order in the metric potentials. Further work
is required to assess the impact of non-linear corrections in GR. Our approach, construct-
ing Newtonian motion gauges in which to interpret the unmodified Newtonian simulations,
provides such a framework in which to incorporate higher-order corrections. We now have
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second-order Einstein–Boltzmann codes [24–26] which can calculate the full GR metric po-
tentials up to second order. In particular these codes are able to calculate the GR matter
bispectrum at leading order [27]. In principle this can be used to set consistent relativistic
initial conditions for Newtonian simulations up to second order, but only if we can develop
a consistent GR interpretation of Newtonian simulations; this remains an outstanding chal-
lenge.
It is interesting to note that the definition of the Newtonian-motion gauges does not
specify the underlying physics of the relativistic theory. While we focused on a Newtonian
motion gauge to include the impact of radiation in GR, we could also construct a Newtonian
motion gauge that includes more additional physics in the relativistic equations of motion,
such as, for example, near-massless neutrinos, long-range dark matter interactions, or modi-
fied gravity scenarios. The modifications can be included in the Boltzmann code rather than
in the Newtonian simulations so long as the new physics can be described by modifications
to the linear evolution on large scales. Similarly, it may be possible to relate Newtonian
motion gauges for different cosmological parameters or physical theories to the same Newto-
nian simulation. In this way, the numerical cost for parameter scans could be significantly
reduced.
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A The spatial gauge condition
As discussed in section 4, there exists a residual spatial gauge freedom which allows us to
define a Newtonian motion gauge for any initial density and initial velocity. This freedom
is comparable to the residual gauge freedom in the synchronous gauge (see for example,
ref. [20].)
A priori we have the freedom to impose any initial condition (or equivalently, any
initial spatial gauge) in the Newtonian simulation. However, given that we are using a
linear Einstein–Boltzmann solver, the choice of initial spatial gauge must be performed with
caution. For example, if we were to choose Lagrangian (comoving) coordinates to absorb the
full motion of particles into the space-time corresponding to a homogenous initial density
(zero displacements) in Newtonian simulations, the metric would become non-linear at late
times. Eventually (linear) perturbation theory and thus our framework will break down.
To find a suitable choice for the initial gauge fixing, we consider the metric potential HT,
which is fully specified by a choice of the spatial gauge transformation (2.6d). In a radiation-
free Universe (with only pressureless matter and Λ) the difference between the Newtonian
potential and the Bardeen potential is due to the volume deformation and the relativistic
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correction of the Poisson equation (3.1a):
k2(ΦN − Φ) = 4piGa2ρ¯cdm
[
3HL − 3Hk−1 (v −B)
]
= 4piGa2ρ¯cdm (3ζ −HT) , (A.1)
where in the second equality we have used the comoving curvature perturbation defined in
eq. (2.9). The Newtonian motion condition (3.9) then reads
(∂τ +H) H˙T = −4piGa2ρ¯cdm (3ζ −HT) . (A.2)
This equation shows that for given initial conditions for HT and H˙T (equivalent to fixing
L and L˙), HT either converges towards 3ζ, where the right hand side vanishes, or it grows
indefinitely.
As ζ is constant for a radiation-free cosmology, one particularly simple choice of initial
spatial gauge conditions is HT(τini) = 3ζ and H˙T(τini) = 0, resulting in a constant HT = 3ζ
in this case, thereby avoiding the growth of HT. This particular choice for the initial spatial
gauge is identical to the N -body gauge spatial gauge condition. In the absence of radiation
the spatial gauge then remains identical to the spatial gauge in the previously defined N -body
gauge.
In the presence of radiation, the dynamics is more complex and the metric solution is
no longer so simple. However, we expect that radiation only adds small corrections to the
metric potentials and when starting from the N -body gauge initial conditions, we expect the
metric potentials of the Newtonian motion gauge remain close to the N -body gauge metric
potentials at all times (as we have shown explicitly in section 5.2).
Therefore, we conclude that the choice of HT(τini) = 3ζ and H˙T(τini) = 3ζ˙, equivalent
to the spatial gauge of the N -body gauge, is a good spatial gauge fixing for any Newtonian
motion gauge, independent of the temporal gauge condition chosen.
B The temporal gauge condition
For most of this paper we made use of a comoving orthogonal temporal gauge (v = B). In
this appendix we will investigate a different temporal gauge fixing, providing a Newtonian
motion gauge that offers a simple description (and generalisation) of the approach discussed
by Chisari and Zaldarriaga [28].
If we identify the temporal coordinate with the well known Poisson gauge time, then
the temporal gauge condition is6
kB = H˙T . (B.1)
The spatial gauge is fixed by the Newtonian motion condition (3.9) and the initial spatial
gauge choice, following the discussion in the previous appendix: HT(τini) = 3ζ and H˙T(τini) =
3ζ˙. We therefore start the simulation in the N -body spatial gauge coordinates, while using
the Poisson gauge time coordinate.
Using this temporal gauge we obtain the Einstein equations:
k2Φ = 4piGa2
[
ρ¯δ + 3H (ρ¯+ p¯) k−1 (v −B)] , (B.2a)
k2 (A+ Φ) = −8piGa2p¯Π , (B.2b)
6Note that in the typical gauge fixing of the Poisson gauge, B = 0, is not a pure temporal gauge fixing.
However, when setting both HT = 0 and kB = H˙T, then B = 0 follows as a consequence. Here we do not set
HT = 0.
– 19 –
while the fluid equations for the CDM component read:
δ˙cdm + kvcdm = −3H˙L , (B.2c)
[∂τ +H] vcdm = −k(Φ + γ) . (B.2d)
These equations result in Newtonian dark matter motion when expressed in terms of δNcdm
defined in (3.11) and ΦN defined in (3.10); again, these dynamics are completely independent
of the temporal gauge. However, since we use a different time coordinate, the underlying
metric potentials are different in this temporal gauge.
Instead of repeating the analysis using the new temporal gauge condition, we utilize the
results computed in section 4.1 to construct the space-time of this Newtonian motion gauge.
• The metric potential HT is independent of the temporal gauge choice. The values for
HT computed in section 5.2 are thus valid for any Newtonian motion gauge using initial
conditions in the N -body gauge.
• The lapse function A only depends on the temporal gauge choice. Since we employ the
temporal gauge fixing of the Poisson gauge, the lapse can directly be identified with
the well-known Poisson gauge lapse function Ψ defined in eq. (2.8a).
• The shift B is set directly by the temporal gauge condition, equation (B.1).
• HL can be constructed using the Einstein equations. The Bardeen potential is computed
as:
k2Φ = 4piGa2
[
ρ¯δ + 3H (ρ¯+ p¯) k−1 (v −B)] . (B.3)
Given Φ and HT we directly obtain HL from (2.8b):
HL = Φ− 1
3
HT . (B.4)
Using HT, the lapse function Ψ and the Bardeen potential Φ, we can directly construct
the space-time of the Newtonian motion gauge using the Poisson gauge time coordinate. In
this space-time we can obtain a consistent relativistic interpretation of a Newtonian simula-
tion. Since we use the same temporal coordinate of the Poisson gauge, we can also compute
a simple spatial transformation connecting this gauge to the well known Poisson gauge using
eq. (2.6d):
kL = −HT . (B.5)
Thus, the output of Newtonian simulations can be understood in terms of the Poisson gauge
[28], provided that the final positions of the CDM particles are displaced in the simulation
according to
xPoisson = xsim +∇HT . (B.6)
This is to be compared to the approach of Chisari and Zaldarriaga [28], who focused on
a Poisson gauge interpretation of Newtonian simulations in a radiation-free universe. They
required particles to be initially placed away from their positions in the Poisson gauge and
instead effectively used the N -body gauge initial conditions. During the N -body simulation
they see Poissonian gauge terms cancelling in the evolution. At the end, they give the
particles a final displacement of ∇(3ζ).
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The Newtonian motion gauge provides a clear interpretation of this approach. Using N -
body gauge initial conditions turns out to be crucial, as Poisson gauge initial conditions would
result in a rapidly growing value for HT (see previous appendix). Their final displacements
can be seen to shift from the Newtonian motion gauge to the Poisson gauge. In the limit
of vanishing anisotropic stress and pressure perturbations, our result simplifies and we see
HT = 3ζ; thus their displacement agrees with the general gauge transformation to the Poisson
gauge described in eq. (B.6). However, our more general method can be applied even when
radiation corrections cannot be ignored.
C Total matter gauge and N-body gauge in the limit of vanishing radiation
In a Universe composed of only dark matter and a cosmological constant we have shown that
the N -body gauge has, to linear order, Newtonian equations of motion. However it is not
the only gauge with this property; see for example the total matter gauge [7, 20, 21] defined
by v = B and HT = 0.
7 In this gauge, the relativistic Euler and Poisson equation take
the Newtonian form, while we have a non-vanishing value of HL ≡ ζ. Since the comoving
curvature is conserved during matter/Λ domination, this constant volume deformation does
not affect the dark matter continuity equation. Thus, similar to the N -body gauge, we have
Newtonian evolution equations for the dark matter particles.
However, in addition to having Newtonian equations of motion, the N -body gauge
also has a vanishing volume deformation, HL = 0, allowing the direct identification of the
simulation density with the relativistic density. On the other hand, in the total matter
gauge the volume deformation makes it impossible to find consistent initial conditions for
the Newtonian simulation [13]: If particles are placed at their relativistic positions initially,
the Newtonian simulation does not compute the relativistic density when embedding the
particles in Newtonian flat space. As a consequence the simulation potential is not equal to
the Bardeen potential and particles are not moved according to GR.
The Newtonian dark matter dynamics in both the N -body gauge and the total matter
gauge rely on a constant value of ζ, which is the case in matter/Λ domination. Beyond
this limit, i.e., when radiation is still significant, we can employ the more general Newtonian
motion gauges as presented in this paper.
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